Advances in computing technology enable dry calibration of large-diameter electromagnetic (EM) flowmeters at low cost, which has been recognized as an effective alternative to traditional flow rigs. Dry calibration requiring no actual liquid in the measuring pipe utilizes the magnetic field distribution reconstructed from measured boundary conditions to determine the sensitivity of the EM flowmeter. However, because sensors have finite sizes, and the fact that inner linings of the measuring pipe deform due to mechanical stresses, a measurement dead domain (MDD) exists between the measured boundary surface and the pipe wall. As the MDD is often close to the magnetic exciting unit, neglecting it results in significant errors in dry calibration. This paper offers a practical method combining iterative optimization and reconstruction to estimate the magnetic field in the MDD from the field data on the measured boundary surface. The method has been validated on an off-the-shelf industrial EM flowmeter by comparing the estimated field in the MDD with experimental measurements. It has been demonstrated that accurately accounting for the immeasurable field in the MDD eliminates more than two-thirds of the dry calibration errors. The estimation method illustrated here can also be extended to measure other physical fields which obey similar governing equations.
Introduction
The operational principle of an electromagnetic (EM) flowmeter is based on Faraday's law of induction to measure the flow rate of conductive liquid flowing through the magnetic field in the pipe [1] . Owing to their high precision with no pressure loss, lack of pollution and high reliability, EM flowmeters have been widely used in water systems and chemical plants in the last few decades [2] . To ensure product precision and reliability, commercial EM flowmeters are calibrated to meet standards (such as ISO 9104:1991 [3] ) before leaving the factory or after a period of use. Due to the rapid growth in water demand (and thus increase in pipe diameters and flowmeter production), there is a need to develop new calibration methods as traditional flow rigs are time consuming, energy demanding and not in situ [4] [5] [6] .
With widely available computing technologies at low cost, dry calibration has been recognized as an energysaving alternative (especially for large EM flowmeters [5] ) to traditional flow rigs, and a means to predict the flowmeter performance for special flow structures. An accurate magnetic field distribution in the measuring pipe, which can be reconstructed by solving Laplace's equation of a scalar magnetic potential with measured boundary conditions (BCs), plays a significant role in dry calibration of an EM flowmeter. This method (combining the measurement and calculation) does not require information on the inner structure of the flowmeter and has high precision [5, [7] [8] [9] . Due to these advantages, dry calibration has been widely accepted by flowmeter manufactures and users in industries.
Flowmeters require periodic maintenance and recalibration as their inner surfaces (which, in many practical applications, are often covered with PTFE or rubber protective materials) may deform due to mechanical stress, fluid pressure and temperature of the fluid [2] . As a result, a small region (referred to here as the measurement dead domain or simply MDD) near the pipe wall is not measurable. There is a need to extend previously published dry calibration methods [5, 8] , which have been developed for calibrating flowmeters before leaving factories, to account for the effects of the MDD (due to geometrical pipe-wall deformation) on dry calibration.
Estimation utilizing magnetic fields as a medium has been a common problem in many areas of study. In medical research, cerebral cortex activities are estimated from measured magneto-encephalogram signals corresponding to brain activities [10, 11] . Estimation is also needed in capsule endoscopy location [12] and digestive motility detection [13] in medical clinics. For rehabilitation, inertial and magnetic sensing data [14, 15] are used to estimate human motion trajectory. In industry, there are also multitudinous similar estimation problems based on detecting information, for example, position estimation of the EM servo system [16] and crack detection [17] . Parameter estimation is also often found in control system implementation of industrial machines [18] [19] . An approach in solving parameter estimation problems is by means of an optimization algorithm (such as least-squares methods [20] ) utilizing information related to the estimated source as an optimization object [10] [11] [12] [13] 19] . In addition, modeling with unique solutions [16] and new approaches such as neural networks [18] and extended Kalman filter [14, 15] have also been proposed to solve the estimation problems. This paper extends our previous studies [5, 8] to improve dry calibration of flowmeters that experience a long history of service. Specifically, it introduces an estimation method to cost effectively account for the immeasurable field in the MDD. The method combines iterative optimization and reconstruction, and takes advantages of the partially reconstructed field from the measured boundary to enhance the specification of the initial distribution. Different from the above studies where lumped parameter approaches were primarily used in optimization and interest was often in estimating localized information (such as source location and orientation), the problem studied here concerns accurate estimation of the magnetic field distribution in a domain, which involves a significant number of estimated parameters and the nonuniqueness of the inverse solution.
The remainder of this paper offers the following.
(1) A distributed-parameter method for estimating the magnetic field in the MDD is formulated as a largescale-constrained optimization problem, which uses the magnetic field reconstructed from data measured on a virtual surface (away from the actual wall, i.e. the measured boundary) as a basis for estimating the commonly neglected field. (2) The estimation method has been experimentally validated on an off-the-shelf industrial EM flowmeter, where the MDD geometry and flux density on the pipe wall are measured using a laser probe and a Hall probe, respectively. With the validated field, the effects of field approximations in the MDD on dry calibration are investigated. As will be shown, nearly two-thirds of the dry calibration error is eliminated by accurately taking into account the magnetic field in the MDD.
While discussed in the context of magnetic fields, the proposed method can be readily extended to other physical fields (such as electric, temperature). The method of utilizing the reconstructed partial field to provide additional object information and specify a proper initial can also be used to improve the estimation accuracy of other applications based on lumped-parameter approaches, for example, in the determination of the cerebral cortex activity as well as estimating the position of a magnetic capsule endoscope by reconstructing its induced field outside the human body.
Estimation method
In physics, any potential field obeying Laplace's equation is source free and can be uniquely determined when the BCs are well defined. This physical law provides a means to computationally reconstruct the field distribution in space with measured BCs [7] .
Neglecting the current due to the motion of the conductive fluid [5, 7] , the magnetic flux density B in the measuring pipe of EM flowmeter can be solved from Laplace's equation (1a) in terms of its scalar potential defined in (1b):
where μ is the magnetic permeability of the fluid in the pipe. The required BCs may be a Dirichlet boundary condition (DBC) and/or a Neumann boundary condition (NBC) as specified in (2a), (2b), respectively:
In the above equations, the subscripts ( 1 and 2 ) denote different regions of the boundary surface, and B n specifies the normal component of the magnetic flux density [5] . With a few exceptions (such as the magnetic ground surface or remote far field where can be reasonably approximated and arbitrarily set to zero), the potential is not measurable in practice [7] . The B n distribution can be measured (by means of magnetic sensors such as a Hall sensor) providing the NBC to help specify the complete set of BCs required for solving (1a). Figure 1 illustrates the field estimation problem, where the entire magnetic field (inside the circular pipe wall p ) must be accurately modeled for dry calibration. Measurements are made on the surface m and the space between p and m is referred to here as the measurement dead domain (MDD). A finite number of discrete BC values c i at the discrete locations (x i , y i , z i ) are expressed as a matrix in (3), where k is the number of points:
It is worth mentioning that the method presented here does not require any knowledge of the excitation unit or any mathematical closed-form expression to model p . However, very close to the excitation unit, a much higher magnetic flux density stored in the MDD than in domains near the pipe center is expected. For clarity in illustration, the magnetic flux density partially reconstructed from the measured BCs is denoted asB(x, y, z, [C] m ), while the estimated but complete magnetic flux density required for dry calibration is denoted as
, where the subscripts 'm' and 'p' refer to data measured on a free surface m and data estimated at the actual pipe wall p , respectively. The formerB can be reconstructed from [C] m using methods discussed in [7] and is assumed available for estimating [C] p on the pipe wall in this study. The estimation of [C] p is formulated as an optimization problem that minimizes the difference betweeñ
as an objective function (4) subject to constraint (5) in the measurable reconstructed domain :
Since B n passing through p (that encloses the entire source-free domain) is zero, constraint (5) must be strictly obeyed during optimization as it is the solvability condition of (1a).
The sequential quadratic programming (SQP) method, which has been proven highly effective for solving large-scale constrained optimization problems with smooth nonlinear objective functions [21] , is employed here to solve (4) using a sequence of quadratic programming (QP) sub-problems. The algorithm consists of major and minor iterations. The major iterations satisfying the linear constraints converge to a point that satisfies the nonlinear constraints and firstorder conditions for optimality, each of which reconstructs the complete field with BCs specified at the pipe wall. A QP subproblem is then used to generate a search direction toward the next iteration [21] . The SQP has been implemented using the toolbox SNOPT as well as a computing program specifically written for the reconstruction. The solution to (4) involves the following two considerations, which are separately discussed in subsections 2.1 and 2.2.
Non-uniqueness of the model solution
For a given [C] m , constraint (5) implies that the estimated [C] p on the pipe wall must satisfy (6) to ensure that Laplace's equation for the MDD is satisfied:
In practice, there are infinite possible BC distributions
As different BCs yield a particular field distribution in the MDD, the solutions to (4) are thus non-unique.
Initialization using extrapolation with orthogonal properties
Due to possible non-unique solutions mentioned above as well as the need to determine a large number of variables in (3), an appropriate initial guess is essential so that a correct optimal solution can be found with little iterations. This is particularly important since SQP yields only locally optimal solutions. To overcome these problems, the initial [C] p guess is obtained by extrapolating the reconstructedB(x, y, z, [C] m ) as illustrated in figure 1 where several equally spaced data points are extrapolated to estimate the points on the pipe wall. The required number of points for extrapolation depends on the methods such as linear, cubic spline or least squares. This study specifies the data positions utilizing the orthogonal property of the curl-free magnetic field, i.e. a function f obeying Laplace's equation can be separated (separation of variables [22] ) into three independent functions A(α), B(β) and G(γ ) in the orthogonal (Cartesian, cylindrical or spherical) coordinates (α, β, γ ):
In practice, B or the gradient of the scalar potential in (1b) is measured. As an illustration, consider a 2D field in
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Curl-free Space figure 2, where the field vector at P 4 is extrapolated from the data P 1 , P 2 and P 3 along the α-axis. In 2D, the derivative of f with respect to the α-axis (denoted as F α ) can be formulated as
where A (α) is the derivative of A in the α-direction. Unlike 1D extrapolations in the α or β directions as shown in figures 2(a) and (b), the straight line in figure 2(c) requires 2D extrapolation as it is not parallel to any axis. In figure 2(d) , where the point locations are not on a well-defined straight or circular line, such 2D computationally complex extrapolation generally yields poor precision and is avoided. Based on the above considerations and the fact that the B n data are required on the pipe wall, the source points are chosen along the normal for estimating B n on the pipe wall as illustrated in figure 1.
Results and discussion
For validating the estimated magnetic field in the MDD and for improving the precision of dry calibration, the method has been implemented on an off-the-shelf industrial EM flowmeter, which has deformed inner surfaces after a long history of services in measuring the flow rate of hot liquid.
Experimentally measured surface morphology
Figure 3(a) shows the experimental setup for dry calibrating the flowmeter with a nominal inner radius of 100 mm, where a Hall probe driven by a scanning servo mechanism was used to measure the B n distribution on the pipe wall. The scanning servo mechanism moved the Hall sensor from one point to the next when taking a measurement, which requires 0. To avoid collision during scanning with the magnetic sensor, the Hall probe is scanned circumferentially with a radius of 92 mm as illustrated in figure 3(b) . Pulsed dc currents exciting alternating magnetic field are used in actual EMFs to avoid polarization effects on the electrodes. Here, the pulseddc exciting current is transformed to a constant-dc current, and accordingly builds a static magnetic field in the measuring pipe for easy measurement. The static field has the same strength and distribution with the alternating field, and will not cause polarization on electrodes because no water is filled in the pipe during dry calibration [7] . The actual morphology of the pipe wall is determined by a servo-driven laser displacement sensor as shown in figure 3(c) . The measurements reveal that the inner radius varies somewhat from 95.5 to 104.2 mm and that the MDD has a depth variation of 3.5-12.2 mm. figure 5(b) showing that the field magnitude near the pipe wall is larger than that in the center.
Partial magnetic field reconstructed from measured data

Estimation of initial BCs at the pipe wall
Once the discrete points on the pipe wall are specified by the laser measurement (figure 5), the magnetic flux density at each of these points along its normal can be extrapolated from the reconstruction. As illustrated in figure 6 , P 1 to P 9 are the laserscanned discrete points on the pipe wall, where P 5 surrounded by eight neighbor triangles (T 1 to T 8 ) is their center and n 1 to n 8 are the normals of the eight triangular planes. The normals can be calculated from (9) , where the subscripts (a, b and c) denote the vertex point P of a triangle:
The normaln at P 5 is the average of n 1 -n 8 :
In figure 6 , the projections of P 1 -P 9 (P 1 -P 9 ) are equally spaced in the θ and z directions. For the points on the boundary, only four triangles are calculated. For example, the normal on the boundary point P 2 is the average of the normal of the four triangles with vertexes (P 1 , P 2 , P 4 ), (P 2 , P 5 , P 4 ), (P 2 , P 6 , P 5 ) and (P 2 , P 3 , P 6 ). Using (9) and (10), the normal for each measured point can be calculated. Figure 7 shows the three source surfaces (first, second and third) as well as the normals of several points at θ = 290
• , which exhibit somewhat Step, n Self-residual Relative error 
Validation of optimized results
As shown in table 2 where
and B_Max denotes the magnitude of the BC distribution, the optimization takes five iterations to converge to a residual of less than 10
, reducing the maximum error to about 15% (figure 9).
The estimation has been validated experimentally using Hall sensors attached on the pipe wall measuring the local normal flux density as shown in figure 10(a) . As compared in figure 10(b) , the estimated and measured data (at z = 0 and 50 mm) show excellent agreement with each other. With the estimated BCs on the pipe wall, the complete field distribution including those in the MDD has been reconstructed. To quantify the relative weight of the commonly neglected or roughly assumed magnetic field near the pipe wall, the field energy integral V B 2 /μ dV in the MDD is compared with that in the domain (or the interior region of the pipe but neglecting the MDD as shown in figure 1 one-sixth of the domain the average energy density in the MDD is more than double that in .
Illustrative application to dry calibration
Dry calibration of an EM flowmeter determines its sensitivity S defined in (11a), which is the induced voltage U between the electrodes divided by the average fluid flow velocity v:
where
In (11b), is the measuring volume, and the weight function W characterizes the contribution of the induced voltage at different positions in the volume. The method to solve for the field distributions of v, B and W in from a coupled set of multi-physical equations with measured BCs can be found in [7] .
The effects of the MDD field on the dry calibration are examined using integral (11) by comparing the results of the proposed estimation method with an approximation assuming that the field in the MDD is in the radial direction everywhere with values equal to the measured data on the MBS. As shown in equation (11b), any change in computation geometry, weight function and magnetic field could affect the results of dry calibration. Thus, the same actual measured wall geometry was used in both cases (estimation and approximation). However, the actual field in MDD is a complex 3D vector field; in fact, the magnetic flux in the MDD near the magnetic exciting unit is denser (hence higher magnetic flux density) than that on the MBS. Thus, it is expected that the assumption that equates the MDD field to the measured MBS field would tend to compromise the precision of the dry calibration.
Dry calibration accurately accounting for the magnetic field in the MDD was carried out for the case where water (at a velocity of 5 m s −1 ) flows through the flowmeter mounted between two straight 3 m pipes upstream and downstream to ensure that the flow is fully developed. In both cases (proposed estimation and approximation), the new accurately measured pipe wall geometry is used as shown in figure 3 to eliminate possible effects from the differences in the computation geometry and weight function. As given in table 4, the sensitivity value S (defined in equation 11) was determined by the flow-rig experiment and the two dry calibrations (using the estimation method or not) in this flow condition. The relative error between the flow-rig-calibrated sensitivity S D and dry-calibrated sensitivity S F was calculated to validate the improvement of the dry calibration brought by the proposed estimation method. In the flow-rig experiment, we used the weight scale method whose uncertainty is 0.05% to determine the average velocityv actually passing through the tested flowmeter. To ensure enough precision, the voltage U induced between the electrodes by the flow was amplified 1000 times through a standard EMF signal processing unit and then measured by a digital voltage-meter whose maximum measuring error was 0.1 μV, i.e. the measuring resolution of the induced voltage was 0.0001 μV. As shown in the table, the relative error between the dry calibration result and flowrig calibration (using real fluid) was reduced from 1.05% to 0.32%, i.e. 69.5% of the calibration error was eliminated by improving the estimation of the MDD field. This is a significant improvement for the dry calibration technology, especially when calibrating a flowmeter with a very large diameter. 
Conclusion
A method for estimating the commonly neglected or roughly assumed magnetic field distribution in the MDD has been presented for improving dry calibration of an EM flowmeter. Formulated mathematically as a large-scale constrained optimization problem, the method combining iterative optimization and magnetic field reconstruction improves the magnetic field model required for calculating the sensitivity of an EM flowmeter. It has been shown that the partially reconstructed field provided additional object information and gave a good initial distribution through extrapolation for estimating the BCs on the pipe wall, which enables the SQP algorithm to converge in a few iterations. The method has been applied on an off-the-shelf industrial flowmeter (with a diameter of 100 mm), and validated experimentally by measuring the MDD geometry and the magnetic field on the pipe wall. Measurement results show that the depth of the MDD varies from 3.5 to 12.2 mm. Although the MDD has a relatively small volume, its average energy density is more than twice that in the remaining pipe interior. The estimated BC agrees well with the experimentally measured results using Hall sensors adhered to the pipe wall.
Finally, the dry calibration with data that accurately account for the field in the MDD removes 69.5% of its error. As compared with standard flow rigs, the relative error in the dry calibration reduces from 1.05% to 0.32%, a significant potential to advance the dry calibration technology. It is also expected that the estimation method illustrated here can be extended to measure other physical fields which obey similar governing equations. The idea of taking advantage of partial field to provide additional object information and specify a proper initial through field reconstruction can also be used in other parameter estimation problems in medical and industry.
